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CJ I Abstract 

o 

We consider a real Lagrangian off-critical submodel describing the soliton sector of 
the so-called conformal affine sl{3Y^' Toda model coupled to matter fields (CATM). 
The theory is treated as a constrained system in the context of Faddeev- Jackiw and the 
^jj ' symplectic schemes. We exhibit the parent Lagrangian nature of the model from which 

QQ ■ generalizations of the sine-Gordon (GSG) or the massive Thirring (GMT) models are 

'nJ" ! derivable. The dual description of the model is further emphasized by providing the 

?^ I relationships between bilinears of GMT spinors and relevant expressions of the GSG 

f^ ■ fields. In this way we exhibit the strong/weak coupling phases and the (generalized) 

soliton/particle correspondences of the model. The sl{nY^' case is also outlined. 
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1 Introduction 

Integrable theories in two-dimensions have been an extraordinary laboratory for the under- 
standing of basic nonperturbative aspects of physical theories and various aspects, relevant in 
more realistic 4-dimensional models, have been tested DH . In particular the conformal affine 
Toda models coupled to (Dirac) matter fields (CATM) [Q for the s/(2)(^'' and 5/(3)*^^-' cases 
are discussed in [|], |^ and P], respectively. The interest in such models comes from their 
integrability and duality properties 0, ||, which can be used as toy models to understand 
some phenomena; such as, a confinement mechanism in QCD 0, ^ and the electric-magnetic 
duality in four dimensional gauge theories, conjectured in and developed in |j^. The ATM 
type systems may also describe some low dimensional condensed matter phenomena, such as 
selftrapping of electrons into solitons, see e.g. |^, tunneling in the integer quantum Hall ef- 
fect Q, and, in particular, polyacteline molecule systems in connection with fermion number 
fractionization |jlO| . 



Off-critical submodels, such as the sl{2) affine Toda model coupled to matter fields 
(ATM), can be obtained at the classical or quantum mechanical level through some conve- 
nient reduction processes starting from CATM [^, |1T|. In the s/(2) case, using bosonization 



techniques, it has been shown that the classical equivalence between the U{1) vector and 
topological currents holds true at the quantum level, and then leads to a bag model like 
mechanism for the confinement of the spinor fields inside the solitons; in addition, it has 
been shown that the sl{2) ATM theory decouples into a sine-Gordon model (SG) and a free 
scalar p, [12|. These facts indicate the existence of a sort of duality in these models involving 
solitons and particles |^. The symplectic structure of the s/(2) ATM model has recently 
been studied [|Tl| in the context of Faddeev-Jackiw (FJ) |13| and (constrained) symplectic 



methods 0, |T^. Imposing the equivalence between the U{1) vector and topological currents 
as a constraint there have been obtained the sine-Gordon (SG) or the massive Thirring (MT) 
model. 

One of the difficulties with generalizations of complex affine Toda field theories, beyond 
su{2) and its associated SG model, has to do with unitarity. Whereas, for practical applica- 
tions such as low dimensional condensed matter systems (see [^ and references therein) and 
A^— body problems in nuclear physics [|T^ , the properties of interest are usually integrability 



and nonperturbative results of multifield Lagrangians. Therefore, integrable quantum field 
theories with several fields (bosons and/or fermions) are of some importance. 

In this paper we construct many field generalizations of SG/MT models based on soli- 
ton/particle duality and unitarity. Beyond the well known sl{2) case the related sl{ny^^ 
CATM model does not possess a local Lagrangian, therefore we resort to an off-critical sub- 
model Lagrangian with well behaved classical solutions making use of the results of [Q . In 
the authors studied the s/(3)*^^'' CATM soliton solutions and some of their properties up 
to general 2-soliton. Using the FJ and symplectic methods we show the parent Lagrangian 
T8| nature of the s/(3) ATM model from which the generalized sine-Gordon (GSG) or the 



massive Thirring (GMT) models are derivable. We thus show that there are (at least clas- 
sically) two equivalent descriptions of the model, by means of either the Dirac or the Toda 
type fields. It will also be clear the duality exchange of the coupling regimes g —>■ 1/g and the 
generalized soliton/particle correspondences in each s/(2) ATM submodel, which we uncover 
by providing explicit relationships between the GSG and GMT fields. We also outline the 



steps toward the sl{n) affine Lie algebra generalizations. In this way we give a precise field 



content of both sectors; namely, the correct GMT/GSG duality, first undertaken in [IS]. 

The paper is organized as follows. In section 2 we define the s/(3) ATM model . Section 
3 deals with the model in the FJ framework, the outcome is the GMT model. In section 4, 
we attack the same problem from the point of view of symplectic quantization [0, |15| giving 
the Poisson brackets of the GMT and GSG models. Section 5 deals with the soliton/particle 
and strong/weak coupling correspondences. Section 6 outlines the relevant steps towards 
the generalization to sl{n) ATM. In the appendix ^ we present the construction of sl{3)^^^ 
CATM model and its relationship to the (two-loop) WZNW model. 



2 Description of the model 

In affine Toda type theories the question of whether all mathematical solutions are physically 
acceptable deserves a careful analysis, specially if any consistent quantization of the models 
is discussed. The requirement of real energy density leads to a certain reality conditions on 
the solutions of the model. In general, a few soliton solutions survive the reality constraint, 
if in addition one also demands positivity. These kind of issues are discussed in Refs. [EO 



Here we follow the prescription to restrict the model to a subspace of classical solutions which 
satisfy the physical principles of reality of energy density and soliton/particle correspondence. 

In CATM models associated to the principal gradation of an affine Lie algebra we have a 
1-soliton solution (real Toda field) for each pair of Dirac fields ip^ and tp^ . This fact allows 
us to make the identifications ip'^ ~ (fp^)*, and take real Toda fields. In the case of sl{2)^^^ 
CATM theory, this procedure does not spoil the particle-soliton correspondence [^, |]. 

We consider the s/(3)*^^'' CATM theory (see Appendix ^ with the conformal symmetry 
gauge fixed [^ by setting 77 = and the reality conditions 



z/^^ 



■(V^^y, (j = 1,2,3); ip: = ^a, (a = 1,2), 



(2.1) 



or 



^i = (^^y, j = l,2; ^^ = -{^^)\ 
V^i,2 — >■ V^i,2 — TT (the newipaS being real fields). 



(2.2) 



where * means complex conjugation. The condition 



must be supplied with x^ 



-X' 



'. Moreover, for consistency of the equations of motion ([A.15|) -( [A.23|) under the reality 



conditions (|2.1|) - 
the relationships 



from Eqs. (OD> (IAItI) , ( [AIsD , ([A^OD , ( |A:21| ) and (|A:23D , we get 



vM - rnne 



i',/>3p-3«</'j 



0, J = 1,2; rMe 



lW>2p-3JVi 



2w>lp-3i</'2 



V^lV^rC 



0. 



(2.3) 



Then, the above reality conditions and constraints allow us to define a suitable physical 
Lagrangian. The equations (1X131) , ([A:T5|) - ([A:23D , supplied with (|3) [or (|3)] and (lOP , 
follow from the Lagrangian 



i^ 



M'' 



■-Tl 



i .i,K 



(pjd^'cpj + iip-'-^^'d^i)^ - m^^ipe'^^^^'ip' 



(2.4) 



where i(j^ = (ip^)^ 70 , 0i = 2ipi - ip2, 02 = '2ip2 -(fi, 03 = 0i + 02, m^ = mlp + m^, k is an 
overall coupling constant and the ipj are real fields. 

The Eq. ( p.4|) defines the s/(3) afEne Toda theory coupled to matter Gelds (ATM). Notice 
that the space of solutions of sl{3y^' CATM model satisfying the conditions ( |2.1| )-( |2?3| ) must 
be solutions of the sl{3) ATM theory ( p.4|) . Indeed, it is easy to verify that the three species 
of one-soliton solutions [S =l-soliton{S =l-antisoliton)] 0: {(v^i, ip^j _, (p2 = 0, -0^ = 

0, ^3 = 0}, {(^2, ^%/^, ^1 = 0, ^^ = 0, ^3 = 0} and {(v^i + <^2, ^')^/^, <^i = <^2, ^' = 

0, -0^ = 0} satisfy the equations of motion; i.e., each positive root of s/(3) reproduces the 
s/(2) ATM case |^, ^. Moreover, these solutions satisfy the above reality conditions and 
constriants (|2.1| )-( pl3D (with (|2.1|) and (^I^) for S and S, respectively), and the equivalence 
between the U{1) vector and topological currents ( |A.29| ). Then, the soliton/particle corre- 
spondences survive the above reduction processes performed to define the s/(3) ATM theory. 
The class of 2-soliton solutions of s/(3)*^^^ CATM ^ behave as follows: i) they are given 
by 6 species associated to the pair (q!j, aj), i < j; i,j = 1, 2, 3; where the a's are the positive 
roots of s/(3) Lie algebra. Each species (aj,aj) solves the s/(2) CATM submodeip2|; ii) 
satisfy the f/(l) vector and topological currents equivalence ( |A.29| ). 

3 The generalized massive Thirring model (GMT) 

Let us consider the following Lagrangian 

where the ATM Lagrangian ( ^.4[ ) is supplied with the constraints, (m'-0 7^0)' + ^-0 7'^'0^ — 

e'^'^d,y(f)i), (/ = 1,2), with the help of the Lagrange multipliers A^ (A^ = ^^ *" , qi = q2 = I, 
gs = 0). Their total sum bears an intriguing resemblance to the ^(1) vector and topological 
currents equivalence ( [A.29| ); however, the m-^'s here are some arbitrary parameters. The 



same procedure has been used, for example, to incorporate the left-moving condition in the 



study of chiral bosons in two dimensions [Q. The constraints in (3J.) will break the left-right 
local symmetries ( |A.25|) -( [A.28|) of s/(3) ATM (p.4|) . In order to apply the Faddeev-Jackiw 
(FJ) method we should write (|3.1|) in the first order form in time derivative, so let us define 
the conjugated momenta 



TTi = 


= ^01 


= ^^C^h + <p2) + >^l, 7r2 = 7r<^2 = 


= l(202 + 0i) + A? 


^A^ = 


= 0, 


71-A2 = 0, < = TT^^ = -20ij, 


< = VT^^ = -#i. 



(3.2) 

We are assuming that Dirac fields are anticommuting Grasmannian variables and their 
momenta variables defined through left derivatives. Then, as usual, the Hamiltonian is 
defined by (sum over repeated indices is assumed) 

He = 7ri0i + 7r202 + 1pRT!-R + ipi'^L " '^- (3-3) 



Explicitly the Hamiltonian density becomes 



+AJ[J°-0i,J + A2[JO-02,.], (3.4) 

where tts = tti - 7r2, Ji = Jl + A (27ri - 1x2), J2 = J2 + 4 (2712 - Vi) and 

Jf = m^jT + ^J3"; ^2" = m'3'2 + ^j|; Jz" = ^S"^', ^ = 1,2, 3. (3.5) 



Let us observe that each f/(l) Noether current of the s/(3) ATM theory defined in ( |2.4| ) 
is conserved separately; i.e., 9^jf = 0, Z = 1,2,3. 

Next, the same Legendre transform (|3.3| ) is used to write the first order Lagrangian 



C = TTi^i + 71202 + ^rT^R + '4'l^L - T^c- (3.6) 

Our starting point for the FJ analysis will be this first order Lagrangian. Then the 
Euler- Lagrange equations for the Lagrange multipliers allow one to solve two of them 

,1 _ 2Ji + J2 , 2 _ 2i72 + Jl .„ „x 

Ai - -^^^ Ai - -^^- (3.7) 

and the remaining equations lead to two constraints 

n^ = Jl - 01,,, = 0, ^2 = 4 - <\>2,. = 0. (3.8) 



The Lagrange multipliers Aj^ and A^ must be replaced back in (|3.6|) and the constraints 



]8D solved. Firstly, let us replace the X\ and Af multipliers into He, then one gets 



K = n^j? - T7;{{Jir + {J2? + {J1J2)} + -:{<Pj,.? 



l^iiJir + ij2r + {J1J2)} + Y^. 

+ ^KK,. - #i^i,x + tmij,{e-^f^i>^j,^lji - e^^^^i^ij). (3.9) 



The new Lagrangian becomes 

C = 7ri0i + 7r202 + K^i + ^ivri - K (3.10) 



We implement the constraints ( p.8|) by replacing in ( p.lO| ) the fields 0i, 02 in terms of 
the space integral of the current components 7°, J^ . Then we get the Lagrangian 

C" = 7ri9,|'j? + 7r29,|'j° + 44 + ^M-^^i^k. + #iV'L (3-11) 

- ^m^{e-'^'^^n^i - e'^^ 'HWr) - ^((Ji)^ + (J2)' + J1.J2) 

+ TliJ^ + 7r2J2, 



where J^ = J^ + J^ . Observe that the terms containig the vTa's in Eq. ( |3.11|) cancel to each 



other if one uses the current conservation laws. Notice the apperances of various types of 
current-current interactions. The following Darboux transformation 

i^'n^e-ir-'h^R, i^i^e'^^^'hl J = 1,2,3, (3.12) 

is used to diagonalize the canonical one-form. Then, the kinetic terms will give additional 
current-current interactions, —^[Ji-{ji + js) + ^2-(J2 + js)]- We are, thus, after defining 
k = 1/g, and rescaling the fields ip^ -^ l/y/kip^ , left with the Lagrangian 

C[^,^] = E{#'7^5m^^' + m^ V^>^-} - Y. [(^kiJk.Ji] , (3.13) 

j = l k,l = 1 

k < I 

where aki = g a^i, with 033 = |(^^^ + m^); ai2 = j^m^m'^; an = |(^^ + m'); ais = 

1*3 • 3 

_^m^ + m* + ^), i = 1,2. This defines the generalized massive Thirhng model (GMT). 
The canonical pairs are {—iipRjipFi) and {—iip 1,1^1). 

4 The symplectic formalism and the ATM model 

4.1 The (constrained) symplectic formalism 



We give a brief overview of the basic notations of symplectic approach |23|. The geometric 
structure is defined by the closed (pre) symplectic two-form 

where 

with a(°^(^'^'')) = a^- {^^^^)d^^'^^ being the canonical one-form defined from the original first 
order Lagrangian 

L^rft = a(o)(e(°)) - V^'\^^''^)dt. (4.3) 

The superscript (0) refers to the original Lagrangian, and is indicative of the iterative 
nature of the computations. The constraints are imposed through Lagrange multipliers 
which are velocities, and in such case one has to extend the configuration space |T^ , 0. The 
corresponding Lagrangian gets modified and consequently the superscript also changes. The 
algorithm terminates once the symplectic matrix turns out to be non-singular. 



4.2 The generalized massive Thirring model (GMT) 

Next, we will consider our model in the framework of the symplectic formalism. Let £', Eq. 
( p.lOp , be the zeroth-iterated Lagrangian C^^\ Then the first iterated lagrangian will be 



where the once-iterated symplectic potential is defined by 



(4.4) 



(4.5) 



and the stability conditions of the symplectic constraints, Qi and ^2, under time evolution 
have been implemented by making Aq —>■ rf and \^ -^ rf. Consider the once-iterated set of 
symplectic variables in the following order 

^(1) = {n\ 7]\ 01, 02, V-jj, ^l ^l, ^l, V'i ^i, VTi, 7r2, 4, Tri, 4, ttI, 4, Tri), (4.6) 

and the components of the canonical one-form 



.(1) 



(l^i, ^2, VTi, 7r2, -7r]j,, -ttI, -nl, -vr^ , -4, -vri, 0, 0, 0, 0, 0, 0, 0, 0). 



(4.7) 



These result in the singular symplectic two-form 18x18 matrix 



/a] (a;,!/) 



ail C'U 

Ct21 Ct22 



S{x-y), 



(4. 



where the 9x9 matrices are 
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i-l'R ~2-'yR 



2^'^i T^fl, 

















022 



■ ■ ■ -1 





-1 ■ • ■ 



This matrix has the zero modes 



v(^)'(x) = (4, 4, 0, 0, ui,\, ui,l v^% v^l ^(4 + 4)^/ 






W? / U V \ ,n W V 



/ U L! \ ,r, U V . -I . -1 . 72 . 72 

(^ + ^)^L, T, ^, ^UiI)r, lU^L, IV^ji, tVl/j^, 



^^ — + — V'l, ^T — + — >^i)' 4.9 

2 m^ m^ 2 m^ m^ ^ 

where u and i; are arbitrary functions. The zero-mode condition gives 

c^a;vW^(x)^^^|dyV« = 0. (4.10) 

Thus, the gradient of the symplectic potential happens to be orthogonal to the zero-mode 
v'^^\ Since the equations of motion are automatically validated no symplectic constraints 
appear. This happens due to the presence of the symmetries of the action 

^^A =^a\^)-^ a = 1,2,. ..18. (4.11) 

So, in order to deform the symplectic matrix into an invertible one, we have to add 
some gauge fixing terms to the symplectic potential. One can choose any consitent set of 
gauge fixing conditions [0. In our case we have two symmetry generators associated to the 



parameters u and f , so there must be two gauge conditions. Let us choose 

^3 = 01 = ^4 = 02 = 0. (4.12) 

These conditions gauge away the fields 0i and 02, so only the remaining field variables 
will describe the dynamics of the system. Other gauge conditions, which eventually gauge 
away the spinor fields -0* will be considered in the next subsection. 

Implementing the consistency conditions by means of Lagrange multipliers rf and ?7^ we 
get the twice-iterated Lagrangian 

£(2) = 7,,0, + 7r202 + ^fi4 + ^LT^i + 7]^^^ + f ^2 + rf^^ + V^^A - V'^^\ (4.13) 

where 

Assuming now that the new set of symplectic variables is given in the following order 

^(2) = (^1^ Tf^ Tf^ r^\ 0^^ 02, i^w V'i, i^% V'i, i^w i'h ^i> ^2, T^R, Tri, nl, 7r|, n^, Trf), (4.14) 
and the non vanishing components of the canonical one-form 

a(2) = (fii, 1^2, ^3, ^4, vTi, 712, -4. -^l -4. -^h -4. -^l 0, 0, 0, 0, 0, 0, 0, 0), (4.15) 
one obtains the singular twice-iterated symplectic 20x20 matrix 

8 



where the 10x10 matrices are 
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The zero-modes are 



00000 0/ 
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/ n\ _L ,, / 11110000 f I v / \ o 

v*- -' \x) = iu, V, u, X) 0, 0, m uipji, m mp^, m v^pj^, m v^p^, -^{u + vj^pj^ 



m 



{u + v)lp\, u' + U;, v' + Xi ^"^ ^R^i ^"^ ^L^i ^"^ ^R^ 



irr?i)\v, -^i'U'^ + v), i—'pKu + v) 



(4.17) 



The zero-mode condition gives no constraints, implying the symmetries of the action 



'^ef = vi')(a:); A = 1,2, ...20. 
Now, let us choose the gauge conditions 

1 1 1 

1^5 = mJl + - Ji.(ji + js) = 0, ^6 = vr2 J2 + 2-^2.02 + Js) = 0, 



(4.18) 



(4.19) 



and impose the consistency conditions with the Lagrange multipliers f]^,f]^, then 

£(3) = TTi^i + 71202 + 4'R< + i^L< + ^'^1 + ^'^2 + ^'^3 + V^^A + ^'^5 + ^'^6 " V^^^ , (4.20) 

where 



v(3) = v(2)|^3. 



=^6=0; 



(4.21) 



or explicitly 

+ #]iV^lj,.. -#Kx + ^"^'^^'V''- (4.22) 

The symplectic two-form for this Lagrangian is a non singular matrix, then our algorithm 
has come to an end. Collecting the canonical part and the symplectic potential V*-^^ one has 

>C[^, V^] = T.i^^'d,^' + ^^ V^>'} - E [(^kUk-j] +Y.^'yi3l (4.23) 

j=i k,i = i 1=1 

k < I 

where 1^3 = ^^^'^^ . We have made the same choice, k = 1/g, and the field rescalings ip^ -^ 
l/ykil)^ as in the last section. This is the same GMT Lagrangian as ( p.l3| ). As a bonus, we 
get the chemical potentials /x; = im}vi ( t)^'^ -^ z/i 2) times the charge densities. These terms 
are related to the charges Q^p = ^ J^^ dxjf{t,x), and their presence is a consequence of 
the symplectic method [0. 

4.3 The generalized sine-Gordon model (GSG) 

One can choose other gauge fixings, instead of ( [4.12| ), to construct the twice-iterated La- 
grangian. Let us make the choice 

^3 = jO = 0, 1^4 = 4 = 0, (4.24) 

which satisfies the non-gauge invariance condition as can be verified by computing the brack- 
ets {Qa , Jb} ~ Oi CL,b = 1, 2. The twice-iterated Lagrangian is obtained by bringing back 
these constraints into the canonical part of C^^\ then 

£(2) = 7ri0i + 7r202 + i^RTri + i)L< + ii^x + i?^2 + if^z + if^^ - V^'^ , (4.25) 

where the twice-iterated symplectic potential becomes 

V(2) = v(^) 



n3=r24=o 
Considering the set of symplectic variables in the following order 

^(2) _ (^\ J2 ^3 ^4 i 1 j,l jA j,2 j,2 ^/,3 ,/,3 ^ ^ ^1 ^1 ^2 ^2 ^3 ^3 ^ 



(4.26) 



Ca = (^ ,r,r,T, 01,02, V^]?,V^i,V^i V^2,V'^,V^i,7ri, 712,4, vri, 4, 7ri,7r;^,7ri) (4-27) 
and the components of the canonical one-form 

a^l^ = (fii, ^2, ^3, f^4, VTi, 712, -7r]j, -71^, -7r^, -7ri, -7r^, -7ri, 0, 0, 0, 0, 0, 0, 0, 0), (4.28) 
the (degenerated) 20x20 symplectic matrix is found to be 

/S(x,y) = {^ll ll)5i--y\ (4.29) 

in 



where 



an 










im i/? n 
im Tp J 













Sx 




2 72 

- 2 7? 









im i/? o 
















2 72 
zm 1/? n 

- 2 7? 
ZJ71 1/1^ 



3x 














fix 












im i/i r 












1.7,1 



itn Tp 












2 72 
zm 1/1 p 



. 2 72 
ZZ71 T/lp 












2 72 
ZZ71 1/1 , 



. 2 72 
ZZ71 T/lp 










ai2 



HS_,/,3 












f-n 












mlz/ijj 





-1 











2 / 2 



2 , 2 

m i>^ 






-1 









m^z/ij 





-1 



^^« T^-^i \ 



021 






m^z/iij 



^^ -i 
\ %*« 






















2 1 2 
m ,/. 

m^i,l 



im^ 73 
lI^,/,3 







2 / 2 
m z/i 

m-'r/jj^ 

S:" 



H 



Its zero-modes are 
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TTl Tfl ■^ 

— {u + v + uj + x)i^R, —{u + v + uj + x)^^!, u', v', im^ij]^{u + u), 



L-i 



~ ~ ~ ITTl "^ 
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(4.30) 



c/xv'^-* fx' 



where u, v, uj and x ^'^^ arbitrary functions. The zero mode condition becomes 

^^(2) / '^y'^^^^ = Jdx Jl dja = 0, fa = (uj, x) , a = 1,2. 
Since the functions /„ are arbitrary we end up with the following constraints 

^5 = Jl = 0, ^6 = ^2 = 0. (4.31) 

Notice that by solving the constraints, ^3 = 1^4 = ^5 = i^e = 0, Eqs. ( [4.24| ) and ( |4.31| ), 
we may obtain 

i'R = ^R. ^i = ^l (4.32) 

So, at this stage, we have Majorana spinors, the scalars {/)i and </)2, and the auxiliary 
fields. Next, introduce a third set of Lagrange multipliers into C^'^\ then 

£(3) = 7ri0i + 7r202 + V'i?^ + i^LT^i + r)^fii + jfn^ + rfn^ + r]^^^ + t^'^s + ^'^6 - V^^^ , (4.33) 



n 



where 



or 



V(^)=V(^)b,=ne=0 



+ e 



(4.34) 
(4.35) 



The new set of symplectic variables is assumed to be ordered as 

d^^ = (^\ ^^ ^^ ^^, ^^ ^^ 01, 02, ^l?, ^l, ^r, ^l, ^1, ^l, tti, tts, ti\, nl, nl. 
The components of the canonical one-form are 

aj^ = {Qi, Q2, ^3, ^4, ^5, ^6, TTl, TTs, -TT^, -TT^, -TT^, -TT^, -TT^, -TT^, 0, 0, 0, 0, 0, 0, 0, 0). 

After some algebraic manipulations we get the third-iterated 22x22 symplectic two-form 



0-11 0-12 
0-21 O22 



6{x-y). 



(4.36) 
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It can be checked that this matrix has the zero-modes 



■5 
m 



v(3)(x) = (m, V, u, X, y, z, 0, 0, m^a^ip]^, m^atipl, w?a^i)% m'^a^ijl, —a^ipR, 



•3. 
m 



I 'ill 1 1 1 _L 1 O O O _l_ o 

ajipi^, u , V , im a^ipji, ira a{il)i^, im a^ip^-, im a2^L^ 



.w? _ 7, .m^ j_ 73 



^ «3"^^, ^^^V'l), (4.37) 

where ai=u + uj + y,a2=v + x + z,a^=u + uj + y + v + x + z, ai=u + uj — y,a2 = 
V + X — z, a^ = u + u! + y + v — X — z, and u, v, u, Xi V and z are arbitrary functions. 
The relevant zero-mode condition gives no constraints. Then the action has the following 
symmetries 

6^f = ^r^l\x)■ A = 1,2,. ..22. (4.38) 

These symmetries allow us to fix the bilinears iV'^^i to be constants. By taking tp-j^ = 
—iCjOj and ip-'i^ = 9j, (j = 1,2,3) with Cj being real numbers, we find that iipp^ipL indeed 
becomes a constant. Note that 6j and 6j are Grassmannian variables, while 6j6j is an 
ordinary commuting number. 

The two form /^^(x, y), Eq. (|4.36| ), in the subspace (0i, 02, 7r<^i, '^<j>2) defines a canonical 
symplectic structure modulo canonical transformations. The coordinates (pa and vr^^ (a = 
1,2) are not unique. Consider a canonical transformation from (0a, tt^^) to (0a,7rr ) such 
that (pa = TT^ and (pa = -S^- Then, in particular if (pa = (pa one can, in principle, solve for 
the function F such that a manifestly kinetic termr appear in the new Lagrangian. 

Then choosing k = 1/g as the overall coupling constant, we are left with 

3 1 Aj- 

^' = H [7^9f,(pjd''(pj H ^ COS0J + /ii9^0i + fi2dx(p2, (4.39) 

where Mj = m-'^Cj. This defines the generalized sine-Gordon model (GSG). In addition we 
get the terms multiplied by chemical potentials fii and /i2 (^^'^ — > — Ati,2)- These are just 
the topological charge densities, and are related to the conservation of the number of kinks 
minus antikinks Qtopoi. = ^ I-^ dx d^(pa. 

In the above gauge fixing procedures the possibility of Gribov-like ambiguities deserves a 
careful analysis. See Ref. []TT| for a discussion in the sl{2) ATM case. However, in the next 



section, we provide an indirect evidence of the abscence of such ambiguities, at least, for the 
soliton sector of the model. 

5 The soliton/particle correspondences 

The s/(2) ATM theory contains the sine-Gordon (SG) and the massive Thirring (MT) mod- 
els describing the soliton/particle correspondence of its spectrum p, |TT], [1^. The ATM 
one-(anti)soliton solution satisfies the remarkable SG and MT classical correspondence in 
which, apart from the Noether and topological currents equivalence, MT spinor bilinears 



are related to the exponential of the SG field p5[- The last relationship was exploited in 
^ to decouple the sl{2) ATM equations of motion into the SG and MT ones. Here we 
provide a generalization of that correspondence to the sl{3) ATM case. In fact, consider the 
relationships 



Wi 1 a^ 



+m3p4e-=^^^i - m\vx\ (5.1) 

-mjpee-^^*^^ - mjpa] (5.2) 

-mlp,e^''^'-mlp,], (5.3) 

where A = 011022033 + 2012023^13 - On (023)^ - (012)^033 - (013)^022; Pi = (023)^ - ^22033; 

P2 = {aisf - 011033; P3 = (012)^ - O11O22; P4 = ^12023 " 022013; PS = 013023 " 012033; 

Pq = 011023 — O12O13 and the Oj/s being the current-current coupling constants of the GMT 
model ( |3.13| ). The relationships ( |5.1| )-( p75D supplied with the conditions ( p^.lD -( PTB| ) and 
conveniently substituted into Eqs. ([AT3|) and ( 1/051) - ( |A:2^ ) decouple the s/(3)(^) CATM 
equations into the GSG ( [4.39| ) and GMT ( p.l3| ) equations of motion, respectively. 

Moreover, one can show that the GSG ( [4.39| ) Mj parameters and the GMT (p.l3| ) cou- 
plings Ojj are related by 



-j-^ = a22{-^ai3 + a33) +a23{-a23 + ^ai2), (5.4) 



2AM2 - f "^l- ^- ^^- f - ^"^l- ^ f..^ 

2V2 = '^IH 5^023 + 033) +Oi3(-Oi3 H 5^012), (5.5) 



2AM3 _ m\m^^ _ _ _ _ 2 

~? — zyi ~ ~1 — 3T2" ('^12033 — 013O23) — 011O22 + (012) . (5-6) 

Various limiting cases of the relationships ( ^.l|) -( ^^ and ( ^.4|) -( ^^ are possible. First, 
let us consider 

_^fcx) j=k^l, (for a given /) 1 ,^ ^. 

■' I finite other cases f 



then one has 



^ = ^(e-^^'-l); ^1^^1 = 0, J^l. (5.^ 



for an = Sig {61^2 = 1, (^3 = — !)• The three species of one-soliton solutions of the s/(3) 
ATM theory ( p. 41) , found in |^ and described in Section ^ satisfy the relationships (|5.8| ) [Q. 
Moreover, from Eqs. (|5.4])-(|5.6|) taking the same limits as in (|5.7|) one has 



/ I \2 

Ml = ^^; M, = 0, jV I- (5.9) 
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Therefore, the relationships ( ^.ID - f^.SI) incorporate each sl{2) ATM submodel (parti- 



cle/soliton) weak/strong coupling phases; i.e., the MT/SG correspondence |^, 11|. 

Then, the currents equivalence (|A.29|) , the relationships ( |5.1|) -( pl3|) and the conditions 
(p.l[)-(p^ satisfied by the one-soliton sector of CATM theory allowed us to stablish the 



correspondence between the GSG and GMT models, thus extending the MT/SG result ^5 
It could be interesting to obtain the counterpart of Eqs. (|5.1|) - (|5.3|) for the Ns > 2 solitons, 
for example along the lines of [Q. For Ng = 2, Eq. ( [OOD still holds 0; and Eqs. (j23)-(^ 
are satisfied for the species {ai,ai). 
Second, consider the limit 

I cxD i = k = j, (for a chosen ?: ? = 1, 2) 1 ,_ . ^. 

aik ^ S n -^ .1 t (5.10) 

I finite other cases I 

one gets Mj = and 

V 

4A^^ = (mJa«-m;a,3)e-*^^+mia/3e-3^^'+mJa„, (5.11) 

i^'J'i = 0. (5.12) 

where A = Aiaua^'i — (a^a)^). The parameters are related by {m^YauMi = m}^{m^ai'i — 
m(^a33)M3. In the case Mi = M3 = M and redefining the fields as (pi = ^/12g{A + B), (pj = 
—y/12gB in the GSG sector, one gets the Lagrangian 

l.„ ..o l.„ „.o ^M 



Cbl = i^{d^AY + -{d^BY + 2— cosy'24^A cos^72gB, (5.13) 



which is a particular case of the Bukhvostov-Lipatov model (BL) p6[. It corresponds to a 
GMT-like theory with two Dirac spinors. The BL model is not classically integrable |p7|| , 
and some discussions have appeared in the literature about its quantum integrability [^ . 

Alternatively, if one allows the limit 033 —>■ 00 one gets ip^ip^ = 0, and additional 
relations for the ip'^, ip"^ spinors and the ipa scalars. The parameters are related by .1^2^ = 

, -Mn- = 1 ^^1 - . Then we left with two Dirac spinors in the GMT sector and all the 

, , rr., , . , , , „ . ■,,-,.■,. n^rrrr j^ SOmC 



terms of the GSG model. The later resembles the 2— cosine model studied in p9 
submanifold of its renormalized parameter space. 

6 Generalization to higher rank Lie algebra 

The procedures presented so far can directly be extended to the CATM model for the affine 
Lie algebra sl{nY^^ furnished with the principal gradation. According to the construction 
of 0, these models have soliton solutions for an off-critical submodel, possess a f/(l) vec- 
tor current proportional to a topological current, apart from the conformal symmetry they 

exhibit a (f/(l)/jj ® ([7(1)^1 left-right local gauge symmetry, and the equations of 
motion describe the dynamics of the scalar fields y^a, ''?; ^^ (o = l,...n — 1) and the Dirac 



spinors ?/'"•', ip°'^ , {j = 1, ...A^; N = ^{n — 1) = number of positive roots aj of the simple Lie 
algebra sl{n)) with one-(anti)soliton solution associated to the field aj.(fi (0 = YlaZlfaCea, 
aa= simple roots of sl{n)) for each pair of Dirac fields {ip'^\ ^"^)p|. Therefore, it is possible 
to define the off-critical real Lagrangian sl{n) ATM model for the solitonic sector of the 
theory. The reality conditions would generalize the Eqs. ( p.l|) - (p.3|) ; i.e., the new yj's real 
and the identifications ■j/'"^ ~ {ip'^^)* (up to ± signs). To apply the symplectic analysis of 
sl{n) ATM one must impose (n — 1) constraints in the Lagrangian, analogous to (p.l|) , due 
to the above local symmetries. The outcome will be a parent Lagrangian of a generalized 
massive Thirring model (GMT) with A^ Dirac fields and a generalized sine-Gordon model 
(GSG) with (^ — 1) fields. The decoupling of the Toda fields and Dirac fields in the equations 
of motion of sl{n)^^^ CATM, analogous to ( |A.13| ) and ( [A.15| )-( |A.23| ), could be performed by 



an extension of the relationships (|5.1| )-( p73D and (|2.1|) -(|2 

7 Discussions and outlook 

We have shown, in the context of FJ and symplectic methods, that the sl{3) ATM (|2.4| ) 
theory is a parent Lagrangian |]18| from which both the GMT ( p.l3| ) and the GSG ( [4.39| ) 
models are derivable. From (|3.13|) and ( [4.39| ), it is also clear the duality exchange of the 
couplings: g -^ 1/g. The various soliton/particle species correspondences are uncovered. 
The sohton sector satifies the f/(l) vector and topological currents equivalence ( |A.29| ) and 
decouples the equations of motion into both dual sectors, through the relationships (|5.1j)-(p73D 
(supplied with (|2.1| )- (|2.3| )). The relationships ( ^.l|) -( pl3D contain each s/(2) ATM submodel 



soliton solution. In connection to these points, recently a parent Lagrangian method was 

used to give a generalization of the dual theories concept for non p-form fields |^0|]. In 

5I| , the parent Lagrangian contained both types of fields, from which each dual theory was 



obtained by eliminating the other fields through the equations of motion. 

On the other hand, in nonabelian bosonization of massless fermions ||3ll], the fermion 



bilinears are identified with bosonic operators. Whereas, in abelian bosonization |^ there 
exists an identification between the massive fermion operator (charge nonzero sector) and a 
nonperturbative bosonic soliton operator |3^. Recently, it has been shown that symmetric 
space sine-Gordon models bosonize the massive nonabelian (free) fermions providing the 
relationships between the fermions and the relevant solitons of the bosonic model |]3^. The 
ATM model allowed us to stablish these type of relationships for interacting massive spinors 
in the spirit of particle/soliton correspondence. We hope that the quantization of the ATM 
theories and the related WZNW models, and in particular the relationships ( A.34| ), would 



provide the bosonization of the nonzero charge sectors of the GMT fermions in terms of 
their associated Toda and WZNW fields. In addition, the above approach to the GMT/GSG 
duality may be useful to construct the conserved currents and the algebra of their associated 
charges in the context of the CATM —>■ ATM reduction. These currents in the MT/SG case 
were constructed treating each model as a perturbation on a conformal field theory (see |^ 
and references therein). 

Moreover, two dimensional models with four-fermion interactions have played an impor- 



tant role in the understanding of QCD (see, e.g. [BB] and references therein). Besides, the 



GMT model contains explicit mass terms: most integrable models such as the Gross-Neveu, 



1(S 



SU{2) and U{1) Thirring models rather all present spontaneous mass generation, the ex- 
ception being the massive Thirring model. A GMT submodel with an = 0, aij = 1 (z > j) 
and equal mlp^s, defines the so-called extended Bukhvostov-Lipatov model (BL) and has re- 
cently been studied by means of a bosonization technique [^ . Finally, BL type models were 
applied to A^— body problems in nuclear physics ||1^ . 
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A The s/(3)^i) CATM model 



We summarize the construction and some properties of the CATM model relevant to our 
discussions |^. More details can also be found in p. Consider the zero curvature condition 
d+A^ - d-A+ + [A+, A^] = 0. The potentials take the form 



A+ = -BF+B-\ 



A. 



-d^BB-^ + F- 



(A.i: 



with 



E^ + F+ + F. 



2 ) 



E-^ + F{ + F. 



2 ) 



(A.2) 



where E^^ = m.H^ = i[(2m^ + rn?^)Hf^ + (2m^ -|- m}^)H2^] and the F^^s and B contain 
the spinor fields and scalars of the model, respectively 



Ft 



F{ 



B 






im%ijiE^.^ - ^im\ij'^E'L^^ - ^im'^ijiE 
nZi^lE-' + .In^^lE-' - 



V-fL-^ai 



im%%i)\E^ 



02' 



^VL-^-as' 



3«i/J 



iH°+iip2H^ vC vQppai 



(A.3) 
(A.4) 
(A.5) 
(A.6) 

(A.7) 



where E'^^, H^, if^ and C {i = 1,2,3; n = 0, ±1) are some generators of s/(3)*^^^; Qppai being 
the principal gradation operator. The commutation relations for an affine Lie algebra in the 
Chevalley basis are 



[iC, ^] = mC—K,kS.. 



K.El^ 



Ea,El^ 






m+n,0 






a=l " 



(A.8) 

(A.9) 

(A.IO) 
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E^, EJ^] = e{a, P)E^^^; if a + /? is a root (A.ll) 

[D,E:]=nE:, [D,H^]=nHl. (A. 12) 

where K^a = '^OL.aalo?^ — ''T't-^ba, with n" and Z" being the integers in the expansions 
a = n^Oia and a/a^ = l^aa/c^a^ ^^^ e(a,P) the relevant structure constants. 

Take Kn = K22 = 2 and K12 = K21 = —1 as the Cartan matrix elements of the simple Lie 
algebra s/(3). Denoting by ai and 0^2 the simple roots and the highest one by ■?/'(= ai + 0:2), 
one has /^ = l(a = 1,2), and K^i = K^2 = 1- Take e{a,(3) = — £:(— a, — /3), £1^2 = 
£:(«!, 02) = 1, £-1,3 = £^(-«i, "^A) = 1 and £_2,3 = £^(-"2, V') = -1- 

One has Qppai = J2a=i ^aA^.-ff + 3D, where A^ are the fundamental co-weights of s/(3), 
and the principal gradation vector is s = (1, 1, 1) [Q. 

The zero curvature condition gives the following equations of motion 









4 






-28^4^1 = m;e^^-^^V^U2<^)'^'e''(-^i^ie-^^^-^i^^e^^^), 



2d^;pl = mJe^''-^^^V^^ + 2z(^^)^/'e-(^iV^ie-^^3 + ^3^i^,.^.)^ 



2a_V^^ = mje^+'^^^i, -29+V^i = mJe'^-'^«V^=^ 



1^2 



d'^ri = 0, 



tm-^ 



A.13) 

A.14) 
A.15) 

A.16) 

A. 17) 

A.18) 
A.19) 
A.20) 

A.21) 
A.22) 
A.23) 
A.24) 



where 0i = 2ipi - v?2, 02 = "^^2 - V^i, 03 = v^i + ip2- 

Apart from the conformal invahance the above equations exhibit the f f/(l)i) i^(U{l)ji 
left-right local gauge symmetry 

Va -^ <^a + ^:(a;+)+r(x-), a = 1,2 (A.25) 

V ^> v ] 1] -^ f] (A. 26) 

W)* — ^ g*(i+75)e!^(x+)+4(i-75)ei(x_) -i (A. 27) 

IS 



^* ^ e-i(^+"'^)(^+)(^+)-'(^-"'^)(^'^)(^-)^\ i = 1^2,3; (A.28) 

e^ = ±el T 261, ©1 = ±^i T 261, Ql = Qi + el- 
One can get global symmetries for 6*^ = =p^^ = constants. For a model defined by a 
Lagrangian these would imply the presence of two vector and two chiral conserved currents. 
However, it was found only half of such currents [H. This is a consequence of the lack of a 
Lagrangian description for the s/(3)*-^'* CATM; however see below. 

The gauge fixing of the conformal symmetry, by setting the field ?7 to a constant, is 
used to stablish the f/(l) vector, J'^ = Zl^=i"^V'^"'7'^V'"') cind topological currents equivalence 



0, |ri[|. Moreover, it has been shown that the soliton solutions are in the orbit of the solution 
7] = 0. The remarkable equivalence is 

3 

Y, m'^^h'''^' = e^'d^imlpy^^ + m^^a), m^ = ml + m^ , m^ > 0. (A.29) 

i=i 

The CATM theory has a local Lagrangian in terms of the B and the (two-loop) WZNW 
fields 0. The relations between their fields can be obtained from 

F- = Bd^MM-^B-^ and F+ = B'^N-^d+NB (A.30) 

where 

M = exp(5:C), Ar = exp(^e-,), (A.31) 

provided that the following constraints are imposed 

{d-MM-^)^'i = B-^{m.H-^)B, (9_MM-^)<_3 = 0. (A.32) 

and 

{N~^d+N)^ = B{rn.H^)B-\ {N-^d+N)>^ = Q. (A.33) 

In ( [A.31| ) and ( |A.32| )-( |A.33| ) s and the subscripts denote the principal gradation structure 



of the relevant group elements. 
The relationships are 






2 
zml^le'^ = e^^^9_e2 + ^(e^5-ele3,-l + el5-ele-l,2)e*^^ (A.34) 

1 



tml^l.e-''^ = e^^^9+C2-;^(Cf5+CiV3,2 + Ci5+Ci'e2.-3)e^^S 



2 
1 



tml^Ple-'^ = e^^^9+C2'-2(Ci'^+Cie-3,i + Ci'5+C^i,-3)e^'^^ 



IQ 



We observe that the WZNW fields ^!_i,^!_2)Ci; C2 (^ = 1)2,3) are nonlocal in terms of 
the spinors and scalars {ilJi,tpi,ipi,ip2,V and rj}. Then the CATM model Lagrangian must 
be nonlocal when written in terms of its fields. 
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